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Abstract 

Various types of fuzzy anti- continuity and fuzzy anti-boundedness 
are defined. A few properties of them are established. The 
intra and inter relation among various types of fuzzy anti- 
continuity and fuzzy anti-boundedness are studied. 
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1 Introduction 

Fuzzy set theory was first introduce by Zadeh[T3] in 1965 and thereafter several 
authors contributed different articles on this concept and applied on different 
branches of pure and applied mathematics. The concept of fuzzy norm was 
introduced by Katsaras [9] in 1984. In 1992, Felbin[7] introduced the idea of 
fuzzy norm on a linear space. Cheng-Moderson |4J introduced another idea of 
fuzzy norm on a linear space whose associated metric is same as the associated 
metric of Kramosil-Michalek [12]. Latter on Bag and Samanta [2] modified the 
definition of fuzzy norm of Cheng-Moderson [4] and established the concept of 
continuity and boundednes of a function with respect to their fuzzy norm in [5] . 

In this paper, various types of fuzzy anti-continuities and fuzzy anti-boundedness; 
namely, fuzzy anti-continuity, sequential fuzzy anti-continuity, strong fuzzy 
anti-continuity, weak fuzzy anti- continuity, strong fuzzy anti-boundedness and 
weak fuzzy anti-boundedness are defined. The intra relations among fuzzy 
anti-continuities and intra relation among strongly fuzzy anti-bounded and 
weakly fuzzy anti-bounded are studied. Also, it is established a very simple 
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criterion for fuzzy anti-continuity; namely, any linear operator between fuzzy 
anti-normed linear spaces is strongly and weakly fuzzy anti-continuous if and 
only if it is strongly and weakly fuzzy anti-bounded respectively. 

2 Preliminaries 

This section contain some basic definition and preliminary results which will 
be needed in the sequel. 

Definition 2.1 [10]. A binary operation : [0,1] x [0,1] — > 
[0,1] is a t-conorm if o satisfies the following conditions : 

( i ) o is commutative and associative , 

(ii) a o = a V a G [0,1], 

(Hi) a o b < cod whenever a < c , b < d and a , b , c , d G [0,1]. 

Remark 2.2 [77] /. (a) For any T\ , r 2 G (0,1) with r\ > r 2 , 
there exist r 3 G (0,1) such that r\ > r 4 o r 2 . 

(b) For any r 4 G (0,1), there exist r 5 G (0,1) suc/i i/ia£ 
and r 5 o r 5 < r 4 . 

Definition 2.3 |5]/ Let 1/ be linear space over the field F (— R or C). A 
fuzzy subset v of V x R is called a fuzzy antinorm on V if and only if 
for all x , y G V and c G F 

(i) For allt G R with t < , v( x , t ) = 1 ; 

(ii) For all t G R with t > , v(x , t) = if and only if x = 9; 
(Hi) For allt G R with t > 0, v ( cx , t ) — v ( x , A ) if 0,c E F; 

(iv) For all s , t G R with v (x + y , s + t) < v (x , s) o v (y , t) ; 

(v) lim v ( x , t ) — 0. 

We further assume that for any fuzzy anti-normed linear space ( V , A*), 

(vi) z/(x,£)<l,Vt>0^£ = #. 

(vii) u(x, •) is a continuous function of R and strictly decreasing on the 
subset {t : < z/(x, t) < 1} of R. 

Theorem 2.4 |5]/ Let ( V , A* ) be a fuzzy antinormed linear space satisfying 
(vi) and (vii). Let \\ x \\* a = A{t : v(x , t) < 1 — a} , a G (0,1). 
Also, let v' : V x R — > [0,1] be defined by 



v'(x, t) = A{1 



— a 



x\\* a < t}, if(x,t) ^ (9,0) 
, if(x,t) = (9,0) 



1 



Then v' = v. 
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Definition 2.5 [lj. Let ( U , N*) be a fuzzy antinormed linear space. A 
sequence {x n } n in U is said to be convergent to x G U if given t > , r G 
(0,1) there exist an integer n G N such that 

N* ( x n — x , t ) < r V n > n . 

Definition 2.6 JT$. Let ( U , iV* ) 6e a fuzzy antinormed linear space. A 
sequence {x n } n in U is said to be cauchy sequence to x, G U if given t > 
, r G (0,1) t/iere exz'st an integer n G iV snc/i t/icrf 

N*( x n+p - x n , t) < r V n > n , p = 1,2,3, ••• . 

Definition 2.7 /!/. A subset A of a fuzzy antinormed linear space ( U , N* ) 
is said to fre bounded if and only if there exist t > , r G ( , 1 ) sncn t/iat 

iV* ( x , t ) < r VxGA 

3 Fuzzy Anti-Continuity 

Let ( U , A* ) and ( V , B* ) be any two fuzzy anti-normed linear spaces over 
the same field F. 

Definition 3.1 A mapping T : ( U , A*) — >■ (V , B*) is said to be 
fuzzy anti-continuous at Xq G J7, if for any given e > , a G (0,1) 
there exist 5 = 5 (a , e ) > , /3 = f3 ( a , e ) G (0,1) swc/i t/iat /or a// 

x e U 

vu(x — xo,5)<(3 =>■ z/y ( T(x) — ^(xo) , e ) < a . 

Definition 3.2 A mapping T : ( [/ , A*) — >■ (V , B*) is said to be 
sequentially fuzzy anti-continuous at xq G ?7, i/ /or any sequence 
{x n } n , x n G U , V n wift x n — >■ x implies T(x n ) — >■ T(a;o) 
V , that is for all t > 0, 

lim un ( x n — xo , t ) — =>- lim z/y ( T(x n ) — T(x ) , t ) = . 

n — > oo n — > oo 

Definition 3.3 A mapping T : ( U , A*) — ► ( V , B*) is said to be 
strongly fuzzy anti-continuous at xq G J7, if for any given e > t/iere 
exist 5 = 6 ( a , e ) > such that for all x G U, 



v v ( T(x) - T(x ) , e ) < u v (x - x , 6) 
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Definition 3.4 A mapping T : ( U , A*) — > ( V , B*) is said to be 
weakly fuzzy anti-continuous at xq £ U, if for any given e > , a £ 
(0,1) there exist 5 = 5 (a , e ) > such that for all x £ U, 

Vjj ( x — Xq , 5 ) < 1 — a =>- vy ( T{x) — T(x ) , e ) < 1 — a . 

Theorem 3.5 If a mapping T from a fuzzy anti-normed linear space (U , A* 
to a fuzzy anti-normed linear space (V , B* ) is strongly fuzzy anti- continuous 
then it is weakly fuzzy anti- continuous. But not conversely. 

Proof. Obvious. 

To show the converse result may not be true we consider the following 
example. 

Example 3.6 As in the example of Note 3.3 of |2J/ ; we consider the fuzzy 
anti-normed linear spaces (X , V\ ) and (X , h> 2 ). Let f(x) = Vx £ R. 

Now from Example 3 of JE/ it directly follows that f is not strongly fuzzy anti- 
continuous. Here we now show that f is weakly fuzzy anti- continuous on X . 
Let x £ X , e > and 5 £ (0, 1). Now 

u 2 (f(x)-f(x ),e) < l-a if Xt)-f?l\ < 1 ~ a 
i.e., if 



€ 



1+x 2 



£o 



> a 



i.e., if 



i.e., if 



k | X + XQ | | X 2 + x 2 + x'y\ 



e(l + x 2 ){l + x 2 ) | _ 

k\x + x \ \x 2 x 2 +x 2 +x 2 \ + I X X ° 



> a 



, 6 (1 + X 2 ) (1 + Xl) 

a | x - x Q I < (1 - a) - 



k | X + X || X 2 Xq + X 2 + Xq I 

< (l-a)i 

So, depending upon (1 — a) | we may choose 5 > snc/i t/iai 

a ( o" + | x — rc |) < 5 ie., z^( x — x , 5 ) < 1 — a. 

Thus we see that for every e > , a £ (0,1) 3 5 > such that 

ui( x — xq , S ) < 1 — a =>- z/ 2 ( /(a?) — f(%o) , e ) < 1 — a. 

z.e., / zs weakly fuzzy anti- continuous at x - 

Theorem 3.7 A mapping T from a fuzzy anti-normed linear space ( U , A*) 
to a fuzzy anti-normed linear space ( V , B* ) zs anti- continuous if and 

only if it is sequentially fuzzy anti- continuous. 
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Proof. The proof of the above theorem is directly follows from Theorem 13 
of 0. 

Theorem 3.8 If a mapping T from a fuzzy anti-normed linear space ( U , A* ) 
to a fuzzy anti-normed linear space (V , B* ) is strongly fuzzy anti- continuous 
then it is sequentially fuzzy anti- continuous. 

Proof. The proof of the above theorem is directly follows from Theorem 12 
of 0. 

Theorem 3.9 Let T : ( U , A*) — > ( V , B* ) be a linear operator. If T 
is sequentially fuzzy anti- continuous at a point Xq G U , then it is sequentially 
fuzzy anti- continuous on U . 

Proof. Let x G U be an arbitrary point and let {x n } n be a sequence in U 
such that x n — > x. Then V t > 

lim v u ( x n — x , t) = 

n — > oo 

i.e., lim vu{{x n — x + x ) — Xq , t) = 

n — ¥ oo 

Since T is sequentially fuzzy anti- continuous at Xq V t > we have 

lim V y { ix n — X + Xn ) — Xn , t) = 

n — > oo 

i.e., lim v y ( T( x n ) — T( x ) + T( x Q ) — T( x ) , t) = 

n — ¥ oo 

i.e., lim v y ( T( x n ) — T( x ) , t ) = 

n -¥ oo 

Thus, 

lim uu(x n -x, t) = , Vt > lim v v (T(x n )-T(x),t) = 0,Vt>0. 

n — > oo n — ¥ oo 

Hence the proof. 



4 Fuzzy Anti-Boundedness 

Definition 4.1 A mapping T : ( U , A*) — > (V , B*) is said to be 
strongly fuzzy anti-bounded on U if and only if there exist a positive real 
number M such that for all x G U and for all t G R + , 

v v ( T(x) ,t) < v v ( x , — ) 

Example 4.2 The zero and identity operators are strongly fuzzy anti-bounded. 
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Example 4.3 It is an example of a strongly fuzzy anti-bounded linear op- 
erator other than the zero and identity operator. 

Let ( V , ||.||) be a normed linear space over the field K (= R or C). Let 
ai,a 2 € R such that ot\ > a 2 > 0. Again, let V\,v 2 : V x R + — > [0, 1] be 
defined by 

( .X a A\ X \\ . ( » \ «2lkll 

z^i (x, r) = ^ — T7 ana ^ 2 (£, cj = 



t + ai||x|| t + a: 2 ||x|| 

Also, define a o b, = max{a, b} for all a,b e [0,1]. 

iVoit; we shall first show that (V, vi) and (V, v 2 ) (ire fuzzy anti-normed linear 
space. 

(i) The condition (i) is obvious. 

(ii) vi(x,t) = & jgJilf = & \\x\\ =0 & x = 6. 

(in) Let c <E K and c / 

aii || cx | 



( cx , t ) = 



t + Ci\ cx 



Oil II x I , £ . 

= vi(x, i ,) 



ill + «1 II x 



(iv) 

ai || a; + y 



vi(x + y , s + t) 



s + t + an || a; + y 
1 



« + * + l 

ati || x+y | 

1 

< - 



s + t 



+ 1 



ai | x || +ai || j/ 1 

oti || x || + a 1 || 2/ | 
s + t + aii || x || + cti || y 

Now if 

oil || x I aii || y | 

zvi(x,s) > =^ — ■ n 77 > 



s + oi\ || x I i + ai || y || 
=>- £ || x || — s || y || 

Therefore, 

ai\ || x || +ai || y |! «i || x | < 

s + t + aii || x || + cci || y | s + cti || x | 
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Thus 

0L\ || x || +«! || y 



vi(x + y , s + t) < 



S + t + Oi\ || X | + Oi\ || y 



- IT n" = M x , s ) <>iy i(y , t) 

S + OL-y || X | 

Again ifvi{y,t) > z/i(x,s) Similarly it can be shown that 

h>!(x + y,s + t) < ai ^ ^ = ^i(x, s) ovi(y, t) 
t + ai || y || 

i/ence 

^i(x + y,s + £) < z/i(x, s) ou ± (y, t) 

(v) 

Oil \\ X \\ 

lim = lim r ^ = 

t -> 00 * -> 00 t + «i || x I 

Hence (V , 1/1) is a fuzzy anti-normed linear space. Similarly (V , u 2 ) is also 
fuzzy anti-normed linear space. 



We now define a mapping T : ( V , v x ) — \ (V , v 2 ) by T(x) = rx 
where r 0) 6 R w fixed. Clearly T is a linear operator. 
Let us choose an arbitrary but fixed M > such that M > \ r \ and 
x G V. Now, 

M>\r\=$-ctiM\\x\\> Oi2 I r | || x || 

=4> t + ai M || x || > £ + a 2 I r | || x || V t > 0. 

> ^— rr V/ :-(). 



i.e., 



t + a 2 I r I || x I "~ t + «i M || a; 

> -7 _ V t>0. 



* + ^2 || TX I ~ jg + Oi\ || X 



t 



1 \ n<l-^ — u rr Vt>0. 

t + «2 || r ^ I + || X I 

tto II li CKi || X I 



t + a 2 || rx I + «i || x 



i/ 2 ( T(x) , i ) < Ui( x , -^r) V i > and V x G V. 
Hence T is strongly fuzzy anti-bounded on V. 
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Definition 4.4 A mapping T : ( U , A*) — > ( V , B* ) is said to be 
weakly fuzzy anti-bounded on U if and only if for any a G (0,1) there 
exist M a ( > 0) such that for all x G U and for all t G R + , 

Vu ^ x ' W ^ ~ 1 ~ a ^ Vy ( ' t ) - 1 ~ a 

Theorem 4.5 Lei T : ( £/ , A*) — > (V , B* ) tea Zmear operator. If 
T is strongly fuzzy anti-bounded then it is weakly fuzzy anti-bounded. But not 
conversely. 

Proof. First we suppose that T is strongly fuzzy anti-bounded. Then there 
exist M > such that Vrr G U and Vt e R, 

v v (T(x),t) < vu(x, -L) 

Thus for any a G (0,1), there exists M a ( — M ) such that 

Uu ^ X ' A~T ) - 1 _ a ^ ^ ( ' * ) - 1 - « 

Hence T is weakly fuzzy anti-bounded. 

The converse of the above theorem is not necessarily true. For example 

Example 4.6 Let ( V , || • || ) be a linear space over the field K(= R or C) 
and ui, v 2 : V x R — > [0, 1] be defined by 

2\\x\\ 2 

v ^ x ^) = p + WxP ' lft > 11x11 



and ^2(2, t) = 



1 , if <t< \\x\ 

\\x\\ 



t + a; 



Also define aob = max{a, b} 

Already we have seen that ( V , v 2 ) is a fuzzy anti-normed linear space. Now 
we shall prove that ( V , v x ) is a fuzzy anti-normed linear space. 

(?) The condition (i) is obvious. 

(ii) vi(x,t) = t2 2 j^ |2 = =0 x = 9. 

(Hi) Let, c G K and c^0. If t > \\cx\\ , 

2\\cx\\ 2 2|c| 2 ||x|| 2 2||a;|| 2 t 
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Again if < t < \\cx\\ then vi(cx,t) = 1 

and < t < \\cx\\ =4> < ^ < ||x|| =>- v^x, ^) — 1 

(w) Lei s,i 6 R + , x, ^ e V 

// < s + t < \\x + y\\ , we have the following possibilities 

(a) < s < \\x\\ and < t < 

(b) < s < \\x\\ and t > 



(c) < t < \\y\\ and s > \\x\\ 

In each case V\(x + y , s + t) = 1 — i>i(x , s) o ui(y , t) Again, if s + t > 
\\x + y\\, we have the following four possibilities 



(a) s > \\x\\ , t < 

(b) s < \\x\\ , t > 

(c) s < \\x\\ , t < 

(d) s > \\x\\ , t > 
In the cases (a), (b), (c) 

2\\x + yf 



vi(x + y, s + t) 



(s + t) 2 + \\x + y\\ 2 

< 1 = vi(x, s)ov 1 (y,t) 

So, we now suppose that s > \\x\\ and t > \\y\\ Now, s + t > 
+ |||/ 1| > ||x + y||. Therefore, 

2\\x + y\\ 2 



vx(x + y , s + t) = 



< 



[s + t) 2 + \\x + y\\ 2 
2( \\x\\ + - 



(s + t) 2 + ( ||x|| + 
Hence we have 

2( \\x 

v x ( x + y , s + t ) < 



s + t? + (Ml + M) 



2 



when vi(x,s) < vi(y,t) 
Similarly, 

2 ( IMI + 

^(x + y, s + t) < 



s + t) 2 + (\\x\\ + \\y\\) 2 



10 



Bivas Dinda, T.K. Samanta and Iqbal H. Jebril 



2 INI 2 

- t 2 + NP = " l(x ' s) 

when vi(y,t) < i/i(x,s) 
Thus 

vi(x + y , s + t) < V!(x, s)ov 1 (y,t) 
(v) lim i/i(x,t) = lim - - } llo = 

t^oo iV ' ' t^oo t 2 + ||x|| 2 

Thus we see that (V , vi) is a fuzzy anti-normad linear space. 

Now we define a linear operator T : ( U , v x ) — > ( V , v 2 ) by T(x) = 
x , V x G V. Le£ ; a G (0,1) , i 6 1^ cmdt G i? + and choose M a = y^. 
We now prove that 

v ^ x ' Tr) - 1 ~~ a ^ ^(^(aO ,0 < 1 - a. 
ivi a 



o II II 2 

2 x 



2 , II „ ||2 - 



< 1-a 



t 2 (l - a) 2 + || x 

2 II X f /x 

1 ~ > 1 — (1— a) = a 

t 2 {l -a) 2 + || x || 2 - V ; 

t 2 (l -a) 2 - || x f 
t 2 (l - a) 2 + || x || 2 ~ 

t 2 (l-af > (1+a) || x f 

£(1 — a) Vl — a 



x < 



t+ \\ X \\ < t 



(1 — a) \/l — a + \/l + a 



a 



t VTTa 



t+ || x || (1 - a) VI - a + VI + a 



< < j VI + a 



t+ || x || (1 - a) VT^tt + VT 



x | (1 — a)VT— a 



*+ || x || (1 - a) VI - a + VTT 
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Now 

Q a < 1 - a y/l-a < (1 - a)y/l - a + y/l + a 

(1 — «)vl — a + v 1 + a 



<^> a VI — a < yl + ct 
1 + a + a 3 > a 2 

which is true for all a G (0, 1). 
Hence 

T/ifis T is weakly fuzzy anti-bounded on X. 

Definition 4.7 A linear operator T : ( U , A*) — > ( V , 5*) is said to 
fte uniformly fuzzy anti-bounded if and only if there exist M > such 
that 

\\T(x)\\* a > M\\x\\* a , ae (0,1) 
where { || ■ || * : a G ( , 1 )} is ascending family of fuzzy a- anti-norms. 

Theorem 4.8 Let T : ( U , A*) — > ( V , B* ) be a linear operator and 
( U , A*) and ( V , B* ) satisfies (vi) and (vii). Then T is strongly fuzzy 
anti-bounded if and only if it is uniformly fuzzy anti-bounded with respect to 
fuzzy a- anti-norms. 

Proof. Let { || • ||* : a G (0 , 1 ) } be ascending family of a-norms. First 
suppose that T is strongly fuzzy anti-bounded. Then there exist M > 
such that Vx G U and V s G R , 

is v (T(x),t) < uu(x,—) i.e., v v ( T(x) , t) < u v (Mx,s) 

|| Mx ||* > t A{s : i/(Mx, s) < I - a} > t . 

=>- 3 s > t such that v ( M x , s ) < 1 — a 

=>- 3 s > t such that v ( T (x) , s ) < 1 — a 
=> II T{x) \\* a > s > t 

Hence || T (x) ||* > || || * = M || x || * . 
Thus T is uniformly fuzzy anti-bounded. 

Conversely, suppose that there exist M > such that V x G £/ and 
Va G (0,1) 

||T(x) ||* > M || x ||* 
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Let, p > v v {Mx, s) => p>A{ae(0,l):|| Mx ||* < s } 
=>- There exist ao £ (0)1) sucn that jo > «o anrf || Mx ||* < s 

\\T{x) \\l< s 

v v ( T(x) , s ) < 1 - a < p. 
Hence, ty(T(x),s) < v v {Mx,s) = v v (x,j^). 
Thus T is strongly fuzzy anti-bounded. 

Theorem 4.9 Let T : ( U , A*) — > (V , B* ) be a linear operator. 
Then, 

(i) T is strongly fuzzy anti- continuous on U if T is strongly fuzzy anti- 
continuous at a point x$ G U . 

(ii) T is strongly fuzzy anti- continuous if and only ifT is strongly fuzzy anti- 
bounded. 

Proof, (i) Since, T is strongly fuzzy anti-continuous at x G U, for each 
e > there exists S > such that 

v v ( T(x) - T(x Q ) , e ) < v v (x - x , S) 

Taking y G U and replacing x by x + x — y, we get, 
v v ( T(x) - T(x Q ) , e ) < v v ( x - x , 5 ) 

v v ( T(x + x Q - y) - T(x ) , e ) < v v ( x + x - y - x , 5 ) 
=4> z/y ( ^(x) + T(x ) - T(y) - T(x ) , e ) < vu(x - y , 5) 

v v (T(x) - T(y) , e) < v v {x - y, 5) 
Since, y G U is arbitrary, T is strongly fuzzy anti-continuous on [/. 

(ii) First we suppose that T is strongly fuzzy anti-bounded. Thus there exist 
a positive real number M such that for all x G £7 and for all e G -R + , 

Z/y ( T(x) , e ) < vu(x,-^) 

i.e., v v (T(x)-T(9),e) < v v (x -6 , ) 

i.e, ^y(T(x) - T(0), e) < ^(x - , 5) 
where 5 — j^. 

Thus T is strongly fuzzy anti-continuous at 6 and hence T is strongly fuzzy 
anti-continuous on U . 

Conversely, suppose that T is strongly fuzzy anti-continuous on U . Using 
fuzzy anti-continuity of T at x = 6 for e = 1 there exist 5 > such that 
for all x E U, 



v v (T(x) - T(0) , 1) < ^(x - 0, 5) 
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If x ^ and t > . Putting x — ut 

u v (T(x),t) = u v (uT(u),t) = v v {T{u),l) < uu(u,8) = 
"u(h S ) = »u(x, ±) , Where M = ±. 

SO, Z/y(T(x),t) < ^(x, 

If x ^ and i < then v v ( T(x) , t ) = 1 = ( x , ). 
If x = and t E R, then T(^) = 6> y and 

IV ( #v , < ) = ^ , ^ ) = ,2/ t > 0. 

v v {9 v ,t) = uu(9u, -L) = 1 , i/ t < 1. 
Hence T is strongly fuzzy anti-bounded. 

Theorem 4.10 Let T : ( U , A*) — > ( V , 5* ) &e a Zmear operator. 
Then, 

(i) T is weakly fuzzy anti- continuous onU ifT is weakly fuzzy anti- continuous 
at a point x & U . 

(ii) T is weakly fuzzy anti- continuous if and only if T is weakly fuzzy anti- 
bounded. 

Proof, (i) Since, T is weakly fuzzy anti-continuous at xo in U , for e > 
and a G (0,1) there exist 5 = S (a, e) > such that V x G £7 

z/[/ ( x — xo , S ) < 1 — a =>- zv ( ^X^) — 7"(xo) , e ) < 1 — a. 
Taking y <E U and replacing x by x + x — y we get, 

( x + x - y - x , 5 ) < I — a =>- v v { T(x + x - y) - T(x ) , e ) < I — a 

i.e., uu(x-y,5) < l-a v v (T(x) +T(x ) - T(y) - T(x ) , e) < 1-a 

i.e., vu(x—y,$) < 1— « =>• z/y ( T(x)— T(y) , e ) < 1— a 

Since, y ( G £7 ) is arbitrary it follows that T is weakly fuzzy anti-continuous 
on £7. 



(ii) First we suppose that T is fuzzy anti-bounded. Thus for any a G 
(0,1) there exist M a > such that Wt <E R and V x G £7 we have 

^) < 1 - « ^y(T(x),t) < 1 - a 

Therefore, 

z/t/(x - 0, < 1 - a =>> z^y(T(x) - T(0), t) < 1 - a 
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i.e., v v {x-9, -^-) < l-a u v (T(x)-T(9),e) < l-a 
ivi a 

i.e., i/u(x—9, 5) < 1—a =>- i/v(T(x)—T(9), e) < 1—a 
where 6 = -A- 

Thus, T is weakly fuzzy anti-continuous at x and hence weakly fuzzy anti- 
continuous on U. 

Conversely, suppose that T is weakly fuzzy anti-continuous on U. Using con- 
tinuity of T at 9 and taking e = 1 we have for all a G (0, 1) there exists 
6(a, 1) > such that for all x e U, 

uu(x - 9, 5) < 1 - a =>• u v (T(x) - T(9), 1) < 1 - a 

i.e., vu{ x -, S) < 1 — a ^ u v (T(x), 1) < 1 — a. 

If x 7^ 9 and t > 0. Putting x = j we have, 

u u 
^(-, 8)<l-a=> MT(-), 1) < 1 - ol 

i.e., vu(u, tS) < 1 — a =>• z/y(T(w), i) < 1 — a 

i it 
i- e - 5 ^-) < l-a =>- vv{T{-), 1) < l-a 

where M a = s ^ ^ 11 x ^ 9 and £ < 0, ^|-) = z/\/(T(x),t) = 1 for any 

M a > 0. 

If x = 9 then for M a > 0, 

Mx,^f) = MT(x),t) = ,if t>0 

vu{x, -jj-) = vv{T(x),t) = 1 , i/ t<0 
Hence, T is weakly fuzzy anti-bounded. 

Theorem 4.11 Let T : ( U , A* ) — ► (V , B* ) be a linear operator 
and (U , A*) and (V , B*) satisfies (vi) and (vii). Then T is weakly fuzzy 
anti-bounded if and only ifT is fuzzy anti-bounded with respect to a-norms. 

Proof. First we suppose that T is weakly fuzzy anti-bounded. Then for all 
a E (0, 1) there exist M a > such that VxeU,teRwe have 

M x ,jf) <l-a => v v {T{x),t) < l-a 

Hence we get, i/u(M a x, t) < 1 — a =>- vv(T(x),t) < 1 — a 

i.e., A{/3 e (0, 1) : || M a x ||J < *} < l-a A{/3 e (0,1) : 
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II T{x) || J < t} < 1 - a 
Now we show that 

A { p G (0, 1) : || M a x ||* < £} < 1 - a <S=> || M Q x || * < t 

If x = 9 then the relation is obvious. 
Suppose x 7^ 9. 
Now, if 

A { p G (0,1) : || M„ a: || J < t } < I- a then \\ M a x || * < i (1) 

If A { /? G (0,1) : ||M a a;||o < £} = 1 — a then there exists a decreasing 
sequence {a n } n in (0,1) such that a n — > a and ||Mq,x||* < t Then 
by Theorem 13.71 we have 

II M a x V a < t (2) 

From (JT|) and (T5|) we get 

A {0 G (0,1) : || M a x ||; < t} < 1 -a => || M Q z || ^ < t (3) 

Next we suppose that || M a x || * < t. 

If ||M Q x||* < t then vjj{M a x ) t) < 1 — a. i.e., 

A { G (0, 1) : || M a x || * < t} < 1 - a (4) 

If || M a x||* = t i.e., A { s : vu(M a x,s) < 1 — a} = t then there exist 
an increasing sequence {s n } n in R + such that s n — > t and 

vu{M a x,s n ) < 1 — a lim vu(M a x,s n ) < 1 — a 

n— > oo 

=>- vu(M a x, lim s n ) < 1 — a 

n — > oo 

vu{M a x, t) < 1 - a 

A { /3 G (0, 1) : || M a x ||* < t} < 1 - a 
Hence from (jl]) it follows that 

II M a x || * < t A { p G (0, 1) : || M a x || J < < 1 - a (5) 
From ([3]) and ([5]) we have 

A { p G (0, 1) : || M a x || * < t} < 1 - a & \\ M a x || * < t (6) 
In the similar way we can show that 

A {/3 G (0,1) : ||T(x) || J < t} < 1-a & \\T(x) \\* a < t (7) 
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From (JBJ) and (JTj) we have vu(M a x,t) < 1 — a =>- zv(T(x),t) < 1 — a 
Then 

II M Q x || ^ < t || T(x) || * a < t 

This implies that 

I|t(x)h; > i|M a x|i; 

Conversely, suppose that Va £ (0,1), 3 M a > such that V x InU, 

\\T(x) \\* a > \\M a x\\* a 
Then for i / and V t > 0, 

II M Q x || ; < t => || T(x) \\* a < t 

i.e., 

A{s : Vu(M a x,s) < 1-a} < t =4> A{s : iv(T(x),s) < 1-a } < i 
In the similar way as above we can show that 

A{s : vjj(M a x,s) < 1-a} < t v v {M a x,t) < 1-a 

and 

A{s : fa(T(x),s) < 1-a} < t & v v {T{x) x , t ) < 1-a 
Thus we have 

x , -T-p) < 1 — « =>■ z>v( r(x) , t) < 1 — a , y x E U 

If i / K and if x = 9, t > then the above relation is obvious. 
Hence the proof. 

Theorem 4.12 Let, T : ( U , A*) — > ( V , B* ) 6e a linear operator and 
(U , A*) and {V , B*) satisfies (vi) and (vii). IfU is finite dimensional then 
T is weakly fuzzy anti-bounded. 

Proof. Since, ( U , A*) and (V , B* ) satisfies (vi), we may suppose that 
{||-||* : a £ (0,1)} is ascending family of fuzzy a-anti- norms. 



Since T is of finite dimension, T : ( U , A*) — > ( V , B* ) is bounded 
linear operator for each a £ (0,1). Thus by Theorem 14.111 it follows that T 
is weakly fuzzy anti-bounded. 
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5 Future Work 

In our next paper we shall try to develop the concept of fuzzy anti-bounded 
linear functionals and their properties. 
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